An interaction between dark matter and dark energy, proportional to the product of their energy densities, results in a scaling behavior of the ratio of these densities with respect to the scale factor of the Robertson-Walker metric. This gives rise to a class of cosmological models which deviate from the standard model in an analytically tractable way. In particular, it becomes possible to quantify the role of potential dark-energy perturbations. We investigate the impact of this interaction on the structure formation process. Using the (modified) CAMB code we obtain the CMB spectrum as well as the linear matter power spectrum. It is shown that the strong degeneracy in the parameter space present in the background analysis is considerably reduced by considering Planck data. Our analysis is compatible with the ΛCDM model at the 2σ confidence level with a slightly preferred direction of the energy flow from dark matter to dark energy.
I. INTRODUCTION
According to the currently most favored cosmological model, the ΛCDM model (Λ denotes the cosmological constant, CDM stands for cold dark matter), our observable Universe is geometrically flat and "normal", i.e. baryonic, matter is only responsible for about 4-5% of its content. Most of the Universe is composed of two exotic "fluids": dark matter (DM) and dark energy (DE) . Neither of these exotic components can be observed directly so far, but there are arguments that support their existence. DM explains galaxy rotation curves and plays a crucial role in cosmic structure formation. DE is seen as an effective fluid with negative pressure, possibly associated with the quantum vacuum. This "fluid" is able to account for the accelerated expansion of the scale factor of the Robertson-Walker metric of the standard model. Even being a model with observational success, the ΛCDM model leaves open the physical nature of these dark components. Moreover, there are a number of tensions which still await clarification (see, e.g., [1] ). There is therefore ongoing interest in discussing and probing alternative approaches which differ in one or more aspects from the ΛCDM dynamics. One line of research does no longer regard DM and DE to be independent components with separate energy-momentum conservation but investigates the consequences of a more complex structure of the dark sector, modeled by an interaction between its principal constituents. Admitting the possibility of a non-gravitational coupling between DM and DE is, of course, the more general case which gives rise to a richer cosmological dynamics. In particular, this generalization implies the existence of DE perturbations, even for cases of an equation-of-state (EoS) parameter w Λ = −1, sometimes called decaying vacuum models [2] [3] [4] [5] [6] [7] [8] .
It has been pointed out that ignoring DE perturbations may result in unreliable conclusions concerning the interpretation of observational data [9] . For further studies about clustering DE see, e.g., [10] [11] [12] [13] . Ignoring a potential interaction between both dark components altogether, may result in an incorrect interpretation of cosmological data [14] . Many models have been established by now which consider different types of interactions [15] [16] [17] [18] [19] [20] . Some more recent studies include [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . All of them are phenomenological since the physical nature of the dark sector largely remains a matter of speculation. In most cases interactions are assumed to be linear in the sense that the coupling terms in the energy-momentum balances of the components are proportional either to the DM density or to the DE density or to a linear combination of both densities (see, e.g., [25, 35, 36] ). There exists a large body of literature which studies such models, usually resulting in limits on the type or the strength of the interaction. Now, from a physical point of view it seems more natural to prefer an interaction that depends on the product of the abundances of the individual components, as, e.g., in chemical reactions. It was shown in [21] that a coupling proportional to the product of the densities of DM and DE is also observationally favored over linear models.
Further recent studies of non-linearly interacting DE models are [34] and [37] . Systems with non-linear interactions do not allow, in most cases, an analytic treatment, not even for the homogeneous and isotropic background. Here we consider the special case of a non-linear interaction for which there exists an analytic background solution. While the existence of such analytic solution is important in itself, we emphasize its usefulness in setting up the system of equations for the perturbation dynamics about this background. This solution will be characterized by a single additional parameter the value of which serves to quantify and to restrict potential differences from the ΛCDM model in a simple and transparent way. Using a suitable modification of the CAMB code [38] we focus on the implications of the coupling on the anisotropy spectrum of the cosmic microwave background (CMB) and on the (total) matter power spectrum. This complements and extends previous work on the status of the non-linear model using large-scale-structure data [30] . In this context we also point out that the simple use of the position of the first acoustic peak in the CMB anisotropy spectrum, something which was occasionally done in the literature, is not a reliable criterion in assessing competing cosmological models.
The structure of the paper is as follows. In Sec. II we present the basic set of fluid dynamical equations both for the background and for the first-order perturbation dynamics of a multi-component cosmic medium. This system is applied to our model with non-linear interactions in the dark sector in Sec. III. The subsequent Sec. IV is devoted to the numerical and statistical analysis of our model. Sec. V summarizes and discusses our results.
II. COSMOLOGY WITH INTERACTION IN THE DARK SECTOR

A. General equations
We consider a spatially flat universe with a perturbed Robertson-Walker (RW) metric which reads, up to first order in the perturbations and in the synchronous gauge,
perturbations, the first-order quantity h ij has two scalars degrees of freedom h and η according to [39] ,
We assume that the cosmic substratum is composed of a set of components that may or may not interact with each other. Each component, characterized by a subindex x, will be treated as a perfect fluid with an energy-momentum tensor
where u µ x is the x-component's four-velocity and h µν x = u µ x u ν x + g µν is a projection tensor orthogonal to the four-velocity. ρ x and p x are energy density and pressure, respectively, of component x. Quantities without subindex x will refer to the total fluid.
Like the metric tensor, the other dynamical quantities can be split into a sum of a zerothorder term (denoted by a bar) and a first-order term (denoted by a hat). Since zeroth-order quantities live in a homogeneous and isotropic background, the dynamical quantities are
In the last relation, the spatial perturbation of the four-velocity was written as a divergency of a scalar function, known as peculiar velocity potential.
The total energy-momentum tensor is the sum of all the individual energy-momentum tensors. If a certain component interacts with one or more of the remaining components, its energy-momentum balance is affected by an interaction term Q µ x ,
Since we assume that gravity is described by general relativity (GR), the total energymomentum tensor must be conserved, i.e, the interaction terms must satisfy the relation
The interaction term is split in a similar way as the quantities in equation (4),
Following [55] , is convenient to decompose this interaction Q µ into two terms: a term parallel to the four-velocity, and a term orthogonal to the four-velocity,
The temporal component of the interaction term is associated to the energy transfer, and its spatial component to the transfer of momentum. Spatial homogeneity implies that the spatial component of the background interaction term must be identically zero.
Under these conditions the background dynamics is described by Friedmann's equations,
while the first-order perturbation equations are
where the prime denotes the derivative with respect to the conformal time, H ≡ a a is the Hubble parameter with respect to the conformal time and σ is a quantity that can be associated with the anisotropic stress [39] .
The energy balance for each of the components can be obtained by the projection of the covariant derivative of the energy-momentum tensor on the four-velocity. In zeroth order we assume the rest frames of the components to coincide. For the zeroth-order energy balances we haveρ
where w x is the background equation-of-state (EoS) parameter
The momentum conservation is obtained by the projection of the covariant derivative orthogonal to the four-velocity. As already mentioned, the background momentum balance is identically zero, thus, the momentum contributes only in first order. It reads
Here, the scalar functionf x was introduced via,
The adiabatic sound speed is defined by
To characterize the propagation of perturbations we introduce the comoving sound speed
x are the gauge-invariant comoving perturbations of pressure and energy density, respectively:p
An alternative way to write the pressure perturbations iŝ
The density contrast of component x will be described by
Now, using the definitions (16), (20), (21) and (25), the first-order energy balance (17) in the k-space becomes
while the momentum balance (18) yields,
These equations hold separately for each component. We shall model now the content of the Universe as a four-component fluid, consisting of radiation (index r), baryonic matter (index b), CDM (index c) and DE (index Λ). We assume that there is an interaction between the dark components with (cf. (6))
while baryons and radiation behave in the same way as in the ΛCDM model. Neither baryons nor photons couple directly to DE and DM. They interact with each other via Thomson scattering before recombination. Thus, the equations for these two components are the wellestablished Boltzmann equations of [39] . For the dark sector we use the fluid eqs. (26) and (27) since a microscopic description of DE and DM with corresponding Boltzmann equations
is not yet available.
B. Dark sector perturbations
Now we apply equations (26) and (27) to the CDM and DE components. For a constant EoS parameter of the DE component this parameter coincides with the adiabatic sound speed.
Under this condition the DE energy balance becomes
and the momentum balance reduces to
The analysis of the DE dynamics has to be performed separately for the cases w Λ = −1 and
. Equation (30) shows that for w Λ = −1 the DE peculiar velocity is not a dynamic variable. Then, this equation can be used to determinef explicitly in a model-independent
This result will be used later in the CDM equation. For w Λ = −1 the DE energy balance takes the form
In the second case,w Λ = −1, the DE peculiar velocity is dynamically relevant and equation (30) must be solved to determine the temporal evolution of v Λ . There is no way to determine the perturbation of the spatial interaction term as in the previous case. Therefore, we restrict ourselves tof = 0. The energy balance is again given by equation (29), while the momentum balance simplifies to
The CDM component is characterized by w c = 0 with negligible pressure perturbations.
Using the definitions (20) , (22) and (21) one concludes that c 2 (a)c =ĉ 2 (s)c = 0. Its perturbative energy balance is
The perturbative CDM momentum balance is affected by thef term. For w Λ = −1 use of (31) provides us with
wheref is given by equation (31) .
In the second case withf = 0 the perturbative momentum balance reduces to
Our relations so far are valid for any cosmological model consisting of an effective DE fluid which may interact with pressureless DM as well as of baryons and radiation, both the latter being treated as in the standard model [39] . In the following we shall consider a specific configuration which is analytically solvable in the homogeneous and isotropic background and can be understood as the consequence of a coupling between DM and DE that is proportional to the product of the energy densities of both dark components.
Our model of interest in this paper relies on a scaling behavior of the ratio of the energy densities of DM and DE. It can be demonstrated that it is this dynamics which is generated by an interaction term proportional to the product of the densities of DM and DE. Following [30] , we start by introducing a covariant length scale l by [40] 
We are looking for a class of models for which the ratio of the energy densities of CDM and DE obeys a power law with respect to this length scale,
These models are characterized by the free parameter ξ. Note that in a homogeneous and 
A. Background equations
The ansatz (38) induces an interaction between CDM and DE. According to (15) with (28), their background energy balances take the form
Combining the equations (38), (39) and (40) and solving for the background interaction term
A non-linear interaction of this type induces a scaling (38) of the ratio of the energy densities.
This coupling is proportional to the product of the energy densities of the interacting components which we consider to be more "realistic" than most of the other interacting models with interactions just linear in the energy density of the components. It is only in the limit ρ (c) ρ (Λ) , i.e. at high redshift, that one approaches a linear dependenceQ ∝ −3Hρ (Λ) /a which is the preferred model in many studies in the field [23, 26, 35, 36] . Obviously, the interaction vanishes for ξ/3 + w Λ = 0.
Integrating equations (39) and (40), we obtain the analytic solutions
The Friedmann equation (9) then provides us with an expression for the Hubble rate,
The present value H 0 of the Hubble rate is, as usual, conveniently parametrized by
With (44) the background dynamics is explicitly known. Obviously, the existence of an analytic expression for the background Hubble rate will be useful in dealing with the perturbation dynamics.
B. Perturbations equations
To solve the first-order dynamics, an explicit expression for the perturbed interaction is required. As already mentioned, the spatial term has the model independent form (31) . For the temporal termQ we assume that the background relation (41) is valid in general, thus on the perturbed level,
where, following [46] , the first-order expansion scalar is,
The complete set of equations for the dark-sector perturbations is obtained by inserting (45) forQ into the first-order balance equations. For the case w Λ = −1 we combine (45) and (46) with the equations (32), (34) and (35) , for the case w Λ = −1 the expressions (45) and (46) are combined with equations (29), (33), (34) and (36) .
Many papers in the literature neglect the perturbations of DE and of the interaction term, taking δ (Λ) =f =Q = 0. Here we take into account these perturbations and we shall quantify their impact on the CMB power spectrum within a statistical analysis.
IV. NUMERICAL ANALYSIS
The formalism described above can be used now to test the scaling cosmology model against the observational data. The main motivation of this chapter is to compare the parameter selection obtained by background tests using SNe Ia data from the JLA sample [47] and baryon acoustic oscillations (BAO) data from 6dFGS [48] , SDSS [49] , BOSS CMASS [50] and the WiggleZ survey [51] , with a perturbative test using the CMB power spectrum data from Planck [52] . In the simplified analysis of this paper we focus on the impact of variations of the parameter ξ on the spectrum. Because of computational limitations, we restricted our analysis to the case w Λ = −1. We shall include, however, a qualitative discussion of how the spectrum changes for w Λ = −1. The SNe Ia and BAO analysis are based on
where ∆y(θ) = y i − y(x i ; θ) and θ are the free parameters. The y(x i |θ) represent the theoretical predictions for a given set of parameters and C is the covariance matrix that in the case of JLA is given in [47] . In the case of the BAO analysis, 6dFGS, SDSS and BOSS CMASS data are mutually uncorrelated and they are also not correlated with WiggleZ data.
However, we must take into account correlations beetween WiggleZ data points given in [51] .
A proper CMB analysis using the Planck likelihood of [53] will be provided elsewhere. Here, we tentatively ignore all the details of the Planck likelihood and rely on a simple χ 2 analysis in order to get an idea of how a varying ξ influences the spectrum. Since we are modifying only the dark sector, we have θ = {Ω c0 , h, ξ}. Moreover, in the CMB spectrum analysis we preliminarily fix the set of parameters {Ω b0 , τ, A s , n s }, where τ is the optical depth, A s is the initial perturbation amplitude and n s is the spectral index, using the best-fit values for the TT+low P+lensing results of the ΛCDM model in [52] . In a more complete future study these parameters, in particular A s and n s , will have to be considered as free parameters as well. In the entire analysis, the Hubble rate h is left free but at the end it is marginalized in order to obtain Ω c0 − ξ contour curves.
A. SNe Ia
As is well known, SNe Ia tests are using the luminosity distance modulus
with µ 0 = 42.384 − 5 log (h), where d L is the luminosity distance
Here we extend a previous analysis [30] by including a separately conserved baryon component using the Hubble parameter (44) . This confirms that the SNe Ia analysis does not satisfactorily constrain the interaction parameter ξ, i.e., the luminosity distance modulus is not very sensitive to this parameter. The results of our analysis are shown in FIG. 1 (continuous curves). 
B. BAO
Our BAO-data analysis is based on the estimator r s (z d )/D V (z). In oder to construct its theoretical counterpart we compute the dilation scale
where D A (z) = (1 + z) −1 r(z) is the angular diameter distance, r(z) is the comoving distance to the redshift z
and r s (z d ) is the comoving sound horizon at the baryon-drag epoch z d .
The results of the BAO analysis are shown in the right panel of FIG. 1 (dashed curves) .
We observe that also BAO tests constrain the interaction parameter ξ weakly. A joint test
SNIa+BAO was also performed and results are shown in FIG. 3 (dashed curves) .
C. CMB
In order to obtain the CMB power spectrum for our model, we modify the CAMB code by implementing the perturbation equations (32), (34), (35), (45) and (46) . To integrate the equations, the initial conditions were fixed following [56] , which are valid in the non-adiabatic case and for more general sound speeds. It turns out that the CMB spectrum is much more sensitive to the interaction parameter than the SNe Ia and BAO data.
Using CAMB recursively, we found the values for Ω c0 and ξ that best fit the Planck data.
The values for ξ are considerably stronger constrained than by the JLA and BAO data. Small deviations from the ΛCDM model are still admitted which is in accordance with conclusions based on large-scale structure data [30] . the Planck data and a summary of our studies is presented in in FIG. 3 . The changes in the CMB spectrum due to differences in the parameter ξ may be compared with the consequences of other parameter changes (see [57] ). On the largest scales, the ISW plateau is modified, an effect that is also caused by a variation of Ω Λ0 in the standard model. On smaller scales, a varying Ω Λ0 changes the positions of the peaks but not their heights. On the other hand, the heights vary if the standard-model Ω c0 is changed. So, the variation of the height due different ξ seems to indicate that there remains a degeneracy between Ω c0 and ξ. A variation in the baryon fraction changes the heights in the opposite direction as the Ω c0 variation does.
Focusing on the first peak, there seems to be a similarity between changes in the baryon fraction (see [58] ) and changes in ξ. Increasing values of ξ influence the height in a similar way as decreasing baryon fractions do. But for higher peaks this analogy does no longer hold.
Variations in ξ do not result in changes of the types that are induced by variations of A s or n s . A variation of the spectral index rotates the CMB spectrum and a variation of the scalar amplitude increases or decreases the height of all peaks simultaneously [57] . None of these effects is simulated by variations in ξ. This seems to indicate that our fixing of A s and n s in this preliminary analysis is not inconsistent. A movie that visualizes the impact of ξ on the CMB spectrum can be found under [59] . and ξ = 3.5 lead to qualitatively similar results.
E. Matter power spectrum
Our analysis of the CMB perturbations constrains ξ to stay close to the ΛCDM value ξ = 3. This complements the results of an earlier study based on large-scale structure data [30] . Here we illustrate the change of the matter-power spectrum in dependence on ξ and compare the results with those of the ΛCDM model. FIG. 6 shows the dependence of the matter power spectrum on ξ for w Λ = −1. Differences from ξ = 3 result in increasing or decreasing powers on large scales together with corresponding distortions of the shape at BAO scales which do not match the large-scale structure observations. The calculated matter distribution is generally different from the observed galaxy distribution. We leave a thorough statistical analysis of the matter power spectrum, including issues of bias, for future work.
Under [59] one finds a movie that shows the impact of variation in ξ on the matter power spectrum.
V. CONCLUSIONS
Our main result is the calculation of the CMB spectrum in dependence of the model parameter ξ where any value ξ = 3 represents a deviation from the standard ΛCDM model due to a non-linear, non-gravitational interaction between DM and DE with w Λ = −1. The details of the result are preliminary in the sense that we also made use here of some of the best-fit values for the ΛCDM model itself. Our study can be seen as a first step towards a more accurate future analysis, avoiding "contamination" by the ΛCDM model. On the basis of the Planck data we find the best-fit values ξ = 3.052 and Ω c0 = 0.2334 which coincide with the standard model at the 2σ confidence level. The CMB data allow us to constrain the parameter ξ with considerably higher precision than the SNIa data of the JLA sample and BAO data points do. In this context we clarified that the mere position of the first peak is not a suitable criterion for assessing a model. We also included a qualitative discussion of the change of the spectrum for w Λ = −1. Perturbations of the DE component where shown to be negligible, except, perhaps, on extremely large scales. Furthermore, we illustrated the influence of variations in ξ on the matter power spectrum. An advanced more complete analysis which is independent of standard-model results will be the subject of future work.
